Int J Adv Manuf Technol (2006) 28: 321-327
DOI 10.1007/s00170-004-2363-5

ORIGINAL ARTICLE

Wenming Zhang - Guang Meng - Hongguang Li

Adaptive vibration control of micro-cantilever heam

with piezoelectric actuator in MEMS

Received: 17 July 2004 / Accepted: 31 July 2004 / Published online: 1 June 2005

© Springer-Verlag London Limited 2005

Abstract This paper proposes a dynamical model and the gov-
erning equations of motion of the micro-cantilever beams based
MEMS with piezoelectric actuator (PZT). The Rayleigh—Ritz
method is used to reduce the order of the system and the state
equations are presented in modal space. The first ten mode fre-
quencies and mode shapes of the micro-cantilever beam with
and without PZT are studied. The effects of PZT on the modal
frequencies and shapes of the beam system can be ignored for
the reason that the beam holds larger nature frequencies and Q
values in micro-scale. A rational linearizing feedback controller
with a high gain observer is designed to eliminate the unwanted
deflection of the micro-cantilever beam system. The open-loop
step response and the effects of situated places of PZT on the fre-
quency responses of the system are discussed. Various frequency
responses of the beam system, subject to different applied control
voltages and feedback gains, are illustrated. The four resonances
are well controlled, while the anti-resonance has little change.
Computer simulations are provided to demonstrate the perform-
ance of the designed control scheme.

Keywords Adaptive vibration control - MEMS -
Micro-cantilever - PZT

1 Introduction

Many micro-cantilever-beams-based MEMS (micro-electro-
mechanical systems) instruments have been widely applied in
modern technology, such as atomic force microscope (AFM),
sensing sequence-specific DNA, detection of single electron
spin, mass sensors, and chemical sensors [1-3].

The deflection of micro-cantilever beams is the key to scan-
ning probe instruments, detection instruments, force measure-
ments, magnetic spin detection, and thermal measurements [4].
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The mechanical vibration and nonlinearities of the beam re-
strict the resolution of these instruments. Some researches have
been conducted on the vibration and nonlinearities of MEMS
in recent years. Franks [5] observed the effects of the uncer-
tain vibration on the performance of atomic force microscope
(AFM). Wang [6] considered many feedback control forms of
vibration in a micro-machined cantilever beam with nonlinear
electrostatic actuators. Cunningham et al. [7, 8] studied the ap-
plication of vibration control to a fixed-free cantilever made of
stainless steel with its length 16 mm, and the first two modes
of vibration had been actively cancelled. Piezoelectric materials
have coupled mechanical and electrical properties. Piezoelec-
tric polymers and ceramics can be used to control the vibration
of cantilever beams, such as most typical material polyvinyli-
dene fluoride (PVDF) and PZT. However, for vibration control
of a micro-cantilever beam under micron magnitude, thick PZT
films and thin ZnO films should be considered [9, 10]. Wein-
berg [11] obtained a simple closed-form solution for the bending
of piezoelectric multimorphs using Euler—Bernoulli beam theory,
which neglects the effect of transverse shear on the deformation
of the beam. Muralt [12] served piezoelectric layered beams as
sensors and actuators in MEMS.

Therefore, it is very important to investigate the nonlineari-
ties, vibration, and control of micro-cantilever beams in MEMS.
The paper has the following structure. In Sect. 2, we present the
dynamical model and the governing motion equation of a micro-
cantilever beam with PZT and reduce the order of the system
using Rayleigh—Ritz method in modal space. Section 3 dis-
cusses the design of a rational linearization feedback control with
a high gain observer for this system. According to the analysis in
Sects. 2 and 3, detailed computer simulation results are shown in
Sect. 4 to visualize the control effects of the proposed approach.
We end the paper in Sect. 5 with concluding remarks.

Nomenclature

w  Micro-cantilever beam displacement
L Micro-cantilever beam length
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hp  Micro-cantilever beam thickness

h,  Piezoceramics thickness

Ap  Micro-cantilever beam cross-sectional area
A, Piezoceramics cross-sectional area

wp  Micro-cantilever beam width

w, Piezoceramics width

C  Micro-cantilever beam structural damping
d31 Piezoceramics constant

x1  Inboard end of the actuator

x>  Outboard end of the actuator

&,  Strain induced by the actuator

e1p  Longitudinal strain

M, Bending moment induced by the actuator
E,  Young’s modulus of micro-cantilever beam
pp  Density of micro-cantilever beam

E, Young’s modulus of Piezoceramics

pp  Density of Piezoceramics

) Dirac delta function

¢;  Micro-cantilever beam mode shape function
qgi  Micro-cantilever beam generalized coordinate
m;;  Inertia matrix

nj ~ Beam viscous damping ratio matrix

ki Stiffness matrix

V' Piezoelectric applied voltage

N Number of beam modes

& Small positive design parameter

e Estimate error

b;  Feedback gain

d;  Observer gain

¢ Damping ratio

t Time

Subscripts:

b Micro-cantilever beam
p Piezoceramics actuator

2 Dynamical model and governing equations

The paper considers a micro-cantilever beam with a piezoceram-
ics actuator sandwiched near the fixed end, as shown in Fig. 1.
The governing equation of motion and boundary conditions for
the transverse vibration of the uniform micro-cantilever beam,
subject to a base excitation and a control bending moment ap-
plied by the actuator, is obtained using Hamilton’s principle as:

02 w(x, t dw(x, 1 w(x, 1
|:EI w(x )]+C w(x )—l—,oA w(x, 1)

ox? o2 o o2
oMp(x,1)
ZT—f(x, 1, (1)
X
with boundary conditions
ow(x, t
w0, = 280 g,
ox x=0
w(x, 1 33 t
EI & —EI M =0 )
3x2 x=L 3)63 x=L

: Controller
A-A !

fn)

il |

L Micro-cantilever beam

Fig. 1. Micro-cantilever beam model

Assuming that the actuator is bonded perfectly to the beam,
the induced moment distribution, M), (x, t), between the actuator
and beam surfaces can be calculated by Kirchoff’s hypothesis.
The strain induced by the actuator when a control voltage V(x, 1)
is applied is given by [13, 14]:

ep(x, 1) = %V(x, 1. 3)

This induced strain ¢, creates a longitudinal strain ;;, due to the
force equilibrium. Solving the force equilibrium, we obtain the
longitudinal strain:

EpAp

ey = ——2L o 4
P AL+ EpA, " )

The bending moment M), produced by the piezoceramics actua-

tor, can be attained from Eqs. 3 and 4 under consideration of the
force equilibrium in the axial direction:

h
M, = Ephpwperp (7’) —CA>
hp
— Ephpw,(gp —€1p) 7+hh—CA , (@)

where Cy4 is the neutral axis of section A — A given by:

_ Ephjywy+ Ephywy + Ephphpw,

Ca= (6)
A 2 (Ephpwy + Ephyw,)

Substituting Egs. 3, 4, and 6 into Eq. 5 gives:

M, =CoV(x, 1), @)

where

EbEphl%wbwpd:;]

0= .
Ephpwp + Ephpw),

Then, the micro-cantilever beam equation of motion can be
rewritten as:

92 2w(x, 1) qw(x, 1) 2w(x, 1)
a [ ox2 ] O AT
= CoV(x, N[8' (x —x1) =8 (x —x2)]1 — flx, 1) . (8
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Note that §'(x) is the derivative of the Dirac delta function with
respect to x.

We suppose the piezoceramics have a uniform geometry and
a spatially steady voltage is applied along its length. To obtain
the solution of Eq. 8, w(x, ¢) is expanded in a finite series using
the Rayleigh—Ritz method:

N
wix, ) =Y ¢igi@) (=12,

i=1

N), (€))

where ¢;(x) are mode shape functions and ¢;(f) are time-
dependent, displacement generalized coordinates. Substituting
Eq. 9 into Eq. 8 and integrating over the length, and divided by
ppAp, the governing equations of the micro-cantilever beam are
given:

mijgj +2n;;q; +kijqi = Q;+R;V (G, j=1,2,---,N),
10

where

mij = o i) () dx + L32[ i (x) (x) dx

ny = 5 (Jy 40090 dx+ [2 91 (1)) (v) dx)

o Eply (L) e Eply rx2d’¢i(v) | d2¢;()
U™ ppAp JO  dx2 dx? dx+PbAb le dx? dx? dx

0=l S fe,ndr
R = ﬁco[qb}(xz) —¢;(x1)]

an

The integrals in the first terms of m;j, n;;, and k;; create only
diagonal terms due to the orthogonality of ¢;(x) over the interval
[0, L], where L is the length of the beam. At the same time, the
integrals in the second terms contribute to both diagonal and off
diagonal terms because ¢; (x) are not orthogonal over the internal
[x1, x2]. When the integrals in the second terms are neglected, as
is usually the case, m;;, n;j, and k;; are diagonal, and the equa-
tions of motion of the micro-cantilever beam are uncoupled.

3 Adaptive control

Introduce the state vector x = [¢7, g7 € R2N

erning equations of motion become:

, then, the gov-

. _| Onxn  Inxn Onx1
X_AX+BM_[—M_lK—M—lD]x+[M_1F]u’ 12)

where M, K, and D are mass, stiffness and damping whose elem-
n;

ents are shown in Eq. 11 and D = %ﬂ—; F' can be obtained from
Eq. 10 as:

F=Q;+R;V. (13)
To control the displacement of the micro-cantilever beam, we

design the control system based on the modeling error compen-
sation method by a high gain observer [15, 16].

323

For the control of vibration displacement, we induce an out-
put variable:

v = Hx, (14)

where H = [¢1(L), p2(L), -+ ,dn(L) O1xn]. The feedback
linearization of the input and output, from Eqs. 12 and 14, yields:

Vy=hx+gu, (15)

where h = HA? and g = HAB, and the relative degree of y is
two. From Eq. 15, we obtain a linearization feedback control:

u=g 'G—hx). (16)

Supposing the tracking error y = y — ¥, and substituting it into
Egs. 15 and 16, gives:

J+biy+by=0, A7)

where b1, by > 0, and the system Eq. 17 satisfies with stable con-
ditions. Then, the tracking error agrees to y = Il_l)rgo [y—31—0.
It is indicated that Eq. 17 can be determined by the system pa-
rameters. In MEMS, there exist many uncertainties from inherent
factors to exterior excitations. Therefore, it is unlikely to get the
exact expression for the tracking error.

In order to make a rational modification in Eq. 17, we induce
compensation of the unknown terms in Eq. 15 and assume that:

g=g¢"+Ag.h=h*+Ah, (18)

where g* and h* are known constants, which can be calculated
using some parameters of the system, Ag is an unknown con-
stant, and A/ is an unknown vector.

Substituting Eq. 18 into Eq. 15, we obtain:

F=—3+gu+h*y+Sxu), (19)

where h* = h*/H and S(x, u) = Ahx + Agu.

Since the system Eq. 19 includes the unknown term S(x, u),
it is important to estimate its effect on the system and recon-
struct state variables for the system. We regard the unknown term
S(x, u) as a state variable and induce state vector z = [z] z2 z317,
andz; =y,20= )7 z3 = S(x, u). Thus, Eq. 19 can be rewritten in
state space as:

. Z'l . <2
Z=|4|=|z-J+ity+gul . (20)
23 S(x, u)

To estimate the error term by, by, we construct a high gain ob-
server, with the advantage that the estimation error converges to
zero in a very small period. From the state Eq. 20, we determine
an observer with the following form:

é1 edy(z1 —e1) +e
e=|é&| =|edi(z1—e)+zz—y+h*y+gu| , 21
é3 83d0(Z1—el)
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where dy, di, d>» > 0, € is a small positive design parameter, and
e; are the estimates of z; (i =1, 2, 3), respectively. In addition,
the parameters dy, dy, d> are chosen in terms of the polynomial:

[1® =5 +ads" +dis+do . (22)

Therefore, according to Eq. 19 and using the estimate of the
unknown function S(x, u), we obtain a linearization feedback
control for the micro-cantilever beam system with piezoelectric
actuator:

u=(g)'G—h*y—brj—bies—e3). (23)

4 Simulation results

The geometry and material properties of the micro-cantilever
beam and piezoelectric actuator are listed in Table 1. For conve-
nience, we set the exterior load f(x, #) to zero. In this computer
simulation, we consider four modes of the vibration system.

Micro-cantilever beams have higher frequencies and Q
values. To investigate the impacts of PZT on the beam system,
the first ten modal frequencies of the beam with and without PZT
are computed and the mode shapes are simulated using ANSYS
7.0, as listed in Table 2 and shown in Figs. 2 and 3. It could be
seen that the relative errors of the first ten modal frequencies of
the beam with and without PZT are very small and the mode
shapes are approximate. Part mode shapes (mode 1, 4, 7, 10) of
the beam with and without PZT are shown in Figs. 2 and 3, we
find the differences between them are trivial.

Figure 4 shows the open-loop response for the step input of
V = 10v with initial conditions of ¢ = ¢ = 0 and the structural
damping D in Eq. 12 is set to zero. For D = 0, the zeros of the
system are on the imaginary axis and the zeros dynamics are only
marginally stable. At the same time, the open-loop response for
the step input of V = 10v and damping ratio ¢ = 0.001 is illus-
trated in Fig. 5. Since the effects of damping on micro-cantilever
beam in MEMS cannot be ignored in micro-scale, we consider
the damping in the following simulations to keep the system

mode 1
without PZT

mode 4
without PZT

mode 10

mode 7 g |
: without PZT

without PZT

Fig. 2. Part mode shapes of the beam without PZT (mode 1, 4, 7, 10)

mode 4
with PZT

mode 1
with PZT

.

mode 7
with PZT

mode 10
with PZT

Fig. 3. Part mode shapes of the beam with PZT (mode 1, 4, 7, 10)

Figure 6 shows the frequency responses of the beam with
PZT situated at different places for V = 10v. When the PZT
are located at 30 wm, 100 pwm, and 200 pwm, the first two modes
changes obviously and are larger, while mode 3 and mode 4 vary

stable. regularly and are smaller. The anti-resonances of the first two

Table 1. Geometric and ma-

terial properties of micro- Material ~ Length Width Thickness ~ Density Young’s modulus  Piezoelectric
cantilever beam and piezo- (pm) (pm) (pm) (ke/m?) (GPa) constant (m/V)
electric actuator

Cantilever beam  S;0; 500 30 3 2330 107 —_—

Actuator PZT 30 30 0.5 7500 139 123 x 10712
Table 2. Mode frequencies of the micro-cantilever beam without and with PZT (kHz)
Number of mode 1 2 3 4 5 6 7 8 9 10
Beam without PZT 12.697 79.853 126.93 224.49 441.63 442.13 735.29 788.66 1106.3 1332.7
Beam with PZT 12.977 80.168 127.13 223.41 439.09 450.74 732.09 785.57 1106.3 1356.5
Relative error 2.21% 3.94% 0.16% -0.48% -0.58% 1.95% -0.44% -0.39% 0 1.79%
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Fig. 4. Open-loop step response of beam with PZT for V = 10v

x10° Step response
47 r . . . r . r . r

Amplitude per unit moment

1 L

1
002 003 D004

1 L 1 1
005 006 007 008 009 O1
Time(s)

-8

1
0 om

Fig. 5. Open-loop step response of beam with PZT for ¢ =0.001 and V =
10v

modes change sharply and appear as two anti-resonances when
the PZT are situated at 100 um and 200 pum, while there exists
one anti-resonance that changes gently when the PZT are situ-
ated at 30 wm. It is seen that PZT placed near the clamped end of
the beam gives better performance and correspondingly smaller
resonances.

The frequency response of the beam with PZT under differ-
ent control voltages is illustrated in Fig. 7. For various applied
voltages, clear resonant behavior is still apparent around the na-
ture frequencies. Along with the increase of the voltage, the
resonant amplitude increases proportionally.

To get the simulation results of the micro-cantilever beam
model Eq. 12 with the adaptive control law Eq. 23 using the high
gain observer Eq. 20, we establish stability in the closed-loop
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—— PIT situated at 30um |3
.3 — PZIT situated at 100um |1
— - PIT situated at 200um |3

FRF per unit moment

10 1 1 L 1 1
UU 1 2 3 4 5 B

Frequency(Hz) «10?

Fig. 6. Frequency response of the beam with PZT situated at different places
for V. =10v

FRF per unit moment

5,

1] 1 2 a 4 5 ]
Frequency(Hz) «10°
Fig. 7. Frequency response of the beam with PZT under different voltages

system and select the feedback gains, by, and by, in Eq. 23 by
placing the appropriate poles in the complex plane. With feed-
back gains, b; = by = 10, we can ensure poles of Eq. 17 at the
imaginary half plane. The initial conditions for the observer are
chosen to be z;(0) = z2(0) = z3(0). The parameter ¢ has a sig-
nificant effect on the performance of the system. For a smaller
value of &, we can estimate the uncertain factors quickly. Here,
we select the value of ¢ as 0.000001 to confirm that the estimate
error is less than 1%.

Figures 8 and 9 display the frequency responses of the beam
with PZT after the application of the linearization feedback con-
troller using a high gain observer for V = 10v and V = 50v,
respectively. Without control, clear sharp resonances can be ob-
served. After output feedback control, the three highest modes
are clearly well controlled, while the remainder are virtually un-
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10 T T T T T T LI
— without control
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Fig. 8. Frequency response of the beam with PZT for V = 10v

-2
1D T T T T T T T E
— without control
— with control

Amplitude per unit moment

L L 1 'l

Frequency({Hz) x10°
Fig. 9. Frequency response of the beam with PZT for V = 50v

affected, and the anti-resonant mode even has no change. Sharp
resonances are associated with the uncontrolled modes, there-
fore, they still exist or have no change. Involving more modes in
the control design can alleviate this problem, but only at the cost
of increasing modal complexity.

Figures 10 and 11 illustrate the frequency response of the
beam with PZT for V = 50v after setting the feedback gains,
b1 = by =2 and b; = by = 50, respectively. The modes are ob-
viously well controlled except for the anti-resonance around the
nature frequency bands, as shown in Fig. 10. It is seen that the
anti-resonance between mode 3 and mode 4 become very sharp
in Fig. 11. Therefore, the selection of feedback gains for the sys-
tem should take the functions and stability of the system into
consideration. The rational values of the feedback gain are about
10 for this micro-cantilever beam system.

10‘ L L] L T L 1 1
— without control
— with control

Amplitude per unit moment

0 1 Z 3 4 5 6 7 ]
Frequency(Hz) x10°

Fig. 10. Frequency response of the beam with PZT for V = 50v and b; =
by =2

10 T T T T T T -
— without cantrol

—— with contral

Amplitude per unit moment
=

0 1 2 3 4 5 [ 7 8
Frequency(Hz) w10’

Fig. 11. Frequency response of the beam with PZT for V = 50v and b; =
by =50

5 Conclusions

The dynamical model of the micro-cantilever beams based
MEMS with piezoelectric actuator (PZT) are presented. The
order of the system is reduced using the Rayleigh—Ritz method
in modal space. Comparing the beam model with and without
PZT, it is apparent that the first ten modal frequencies and shapes
are approximate and the relative error is very small. The rea-
son for these similarities is that the beam system holds higher
nature frequencies and Q values in the micro-scale. Based on
arigorous mathematical analysis and stability theory, a feedback
controller with a high gain observer is designed so that one can
effectively cancel the uncertain vibration of the beam system.
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The open-loop step response and the effects of situated places of
PZT on the frequency responses of the system are studied. Var-
ious frequency responses of the beam system are showed under
different applied control voltages and feedback gains. The four
resonances are well controlled, while the anti-resonance has no
change. Simulation results demonstrate that the proposed design
is able to achieve the control objective.
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